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This report summarizes progress  dur ing  t h e  p a s t  s i x  
months under a cont inuing  research  g ran t  f o r  t h e  per iod 
beginning September 1964. The i n i t i a l  g r a n t  is based 
on Ref.  1, and i ts  cont inua t ion  on Ref. 2. The r e sea rch  
i s  superv ised  by P ro f .  I .  Flugge-Lotz and P ro f .  R. €I. 
Cannon, Jr . ,  P r i n c i p a l  I n v e s t i g a t o r s .  
A s e p a r a t e  f i n a n c i a l  accounting w i l l  be  forwarded by 
the Univers i ty .  
I -  
I SUfIMARp 
During t h i s  report per iod the  study of a t t i t u d e  c o n t r o l  of  a sp in-  
n ing  f l e x i b l e  manned space s t a t i o n  was completed by Mr. Gevarter ,  and 
the work on random dis turbances  i n  c o n t r o l  problems was completed by 
Pdr. Hyver. Both Mr. Gevarter and Mr. Hyver received t h e i r  Ph.D. degrees  
i n  January 1 6  Five s t u d i e s  a r e  cont inuing ,  three on d i f f e r e n t  a spec t s  
of achiev ing  near-opt imal  a t t i t u d e  control of planet-point ing s a t e l l i t e s ,  
one on a technique for t r a j e c t o r y  opt imiza t ion ,  and one on c o n t r i b u t i o n s  
to human p i l o t  c o n t r o l .  nRo new s t u d i e s  have been s t a r t e d  i n  t h i s  r e p o r t  
per iod  on t h e  t r a j e c t o r i e s  of o r b i t i n g  veh ic l e s .  
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* A .  STUDIES OF CONTROLLED VEHICLE BEHAVIOR 
(S tud ie s  Supervised by P ro fes so r  Cannon 1 
1. Design of Cont ro l  Systems Which Inc lude  a Human Operator (Ph.D. 
Research of W .  G .  Epple r ,  Jr .  
The objec t  of a r e c e n t l y  completed phase of t h i s  s tudy  was t o  
determine how t h e  performance of a human o p e r a t o r  engaged i n  a c losed -  
loop  t r ack ing  t a s k  depends on which of h i s  va r ious  ou tpu t s  is  used f o r  
feedback. Performance was eva lua ted  on t h e  b a s i s  of t h e  closed-loop 
response where t h e  d e s i r e d  r e s u l t  was t o  i n c r e a s e  t h e  bandwidth whi le  
maintaining random no i se  ( i . e . ,  t h a t  component of t h e  ou tpu t  which i s  
l i n e a r l y  uncor re l a t ed  wi th  t h e  inpu t  s i g n a l )  a t  an accep tab le  l e v e l .  
T e s t s  were conducted i n  which s e v e r a l  o p e r a t o r s  t r acked  a randomly 
vary ing  input u s ing  (1) manual d i sp lacement ,  (2) muscle f o r c e ,  and 
(3) processed myoelec t r ic  (EMG) s i g n a l s  a s  t h e  follow-up v a r i a b l e .  The 
t r a n s f e r  func t ion  and s igna l - to-noise  r a t i o  were der ived  f o r  each  c a s e  
us ing  conventional p l a n t - i d e n t i f i c a t i o n  techniques ;  t y p i c a l  r e s u l t s  a r e  
d isp layed  i n  F i g .  1. 
I t  can be seen t h a t  t h e  bandwidth i s  increased  ( i . e . ,  t h e  phase l a g  
a t  a given frequency is  decreased)  a s  t h e  follow-up v a r i a b l e  i s  changed 
from displacement t o  f o r c e  and from f o r c e  t o  processed EMG; unfo r tuna te ly  
these  bandwidth i n c r e a s e s  a r e  accompanied by dec reases  i n  t h e  s igna l - to -  
no i se  r a t i o .  These genera l  r e s u l t s  were found t o  apply f o r  a l l  of t he  
s u b j e c t s  t e s t e d .  
The o v e r a l l  conc lus ion  of t h i s  s tudy  i s  t h a t  t h e  inc reased  bandwidth 
of t h e  closed-$racking loop obta ined  by us ing  processed EMG a s  t h e  
follow-up v a r i a b l e  probably does not  warran t  t h e  inc reased  instrumenta- 
t i o n  complexity which t h i s  approach imposes. U s e  of f o r c e  a s  t h e  
follow-up v a r i a b l e  can i n c r e a s e  t h e  closed-loop bandwidth a s  much a s  
30 p e r c e n t  (compared t o  displacement feedback) without s e r i o u s l y  i n c r e a s i n g  
t h e  output n o i s e  or sys t em complexity and should be cons idered  f o r  
a p p l i c a t i o n s  which do no t  r e q u i r e  a s t e a d y - s t a t e  c o n t r o l l e r  ou tpu t .  I t  
is  n o t  now planned t o  undertake new s t u d i e s  of human o p e r a t o r  dynamics 
and c o n t r o l  under t h i s  g r a n t .  
* 
Professor  Cannon i s  on s a b b a t i c a l  l eave  t h i s  year  and i s  not  being 
funded by NsG-133-61. H e  is  supe rv i s ing  t h e  l a s t  s t a g e s  of t h e s e  two 
research  p r o j e c t s ,  however. 
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FIG. 1. TRANSFER FUNCTIONS AND SIGNAL-TO-NOISE RATIOS 
FOR TVPTCAL SUBJECT. 
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2 .  
has 
A t t i t u d e  Cont ro l  of a F l e x i b l e ,  Spinning ,  Toro ida l  Manned Space 
S t a t i o n  (Ph.D. Research of w. B .  Gevar te r )  
A s  i nd ica t ed  i n  t h e  l a s t  s t a t u s  r e p o r t ,  t h i s  s tudy  by W. B .  Gevar te r  
considered a continuous a t t i t u d e  c o n t r o l  s y s t e m  f o r  c o n t r o l l i n g  t h e  
d i r e c t i o n  of t h e  s p i n  a x i s  of a f l e x i b l e ,  t o r o i d a l ,  sp inn ing ,  manned 
space s t a t i o n .  Having chosen a s u i t a b l e  c o n t r o l  system, assuming t h e  
v e h i c l e  r i g i d ,  t h e  b a s i c  o b j e c t i v e  was t o  f i n d  l o c a t i o n s  w i t h i n  t h e  
space s t a t i o n  f o r  t h e  c o n t r o l  f o r c e s  o r  moments and a t t i t u d e  s e n s o r s  
such t h a t  the space s t a t i o n  is s t a b l e  and t h e  e x c i t a t i o n  of v i b r a t i o n  
by the  c o n t r o l  s y s t e m  i s  a t  a minimum. I t  was found t h a t  the problem 
is an example of a wider c l a s s  of problems of the c o n t r o l  of f l e x i b l e  
v e h i c l e s  w i t h  coupled c o n t r o l  axes .  
The v a l i d i t y  of the simple a n a l y t i c a l  formulas d i scussed  i n  Ref. 3 
f o r  determining the  s t a b i l i t y  and e s t i m a t i n g  t h e  c h a r a c t e r i s t i c  r o o t s  
of f l e x i b l e  v e h i c l e s  w i th  c o n t r o l ,  has been checked by  t he  employment 
of a computer program t o  determine and p l o t  t he  r o o t s  of the  complete 
c h a r a c t e r i s t i c  equat ion  a s  t he  c o n t r o l  g a i n s  a r e  v a r i e d .  I t  was found 
t h a t  e x c e l l e n t  agreement was obta ined  between the computer r e s u l t s  and 
t h e  simple formulas over  the  range of va lues  f o r  which t h e y  were d e r i v e d .  
Applying these simple r e l a t i o n s  t o  t h e  sp inning  space  s t a t i o n  made 
i t  poss ib l e  t o  observe t h e  in f luence  of the l o c a t i o n s  of t h e  a c t u a t o r s  
and sensors  on s t a t i o n  s t a b i l i t y .  S p e c i f i c a l l y ,  for a c o n t r o l  system 
us ing  simple r a t e  and p o s i t i o n  feedback, and employing a p a i r  of 
a c t u a t o r s  about each of the or thogonal  c o n t r o l  axes ,  i t  was determined 
t h a t :  
1. There i s  no l o c a t i o n  f o r  a s ing le-sensor  package (e .g . ,  a s t a r  
t r a c k e r  and de r ived  r a t e )  t h a t  w i l l  y i e l d  s t a b i l i t y  of t h e  
f l e x u r a l  modes for c o n t r o l  ga ins  a p p r o p r i a t e  t o  the  rigid-body 
mode. 
2 .  The d e s i r a b l e  s o l u t i o n  is  t o  use  a c o n t r o l  s enso r  f o r  each 
c o n t r o l  a x i s ,  and p l ace  i t  wi th  one of i t s  corresponding 
a c t u a t o r s .  For t h i s  s o l u t i o n ,  t h e  c o n t r o l  axes  a r e  uncoupled, 
only the  odd modes of v i b r a t i o n  a r e  e x c i t e d ,  and t h e  s y s t e m  i s  
s t a b l e .  Fu r the r  r educ t ion  i n  e x c i t a t i o n  of t he  f l e x u r a l  modes 
can be achieved by employing lead- lag  r a t e  networks i n  p l ace  
of pure r a t e .  
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I f  a s i n g l e  two-axis control-moment device  is u t i l i z e d ,  the system 
w i l l  be s t a b l e  i f  the sensors  a r e  placed a t  t h e  same l o c a t i o n ,  bu t  t he  
f l e x u r a l  modes a r e  highly e x c i t e d  by t h e  c o n t r o l  system unless  f i l t e r -  
i n g  is employed. 
The work on t h i s  problem has been completed and t h e  r e s u l t s  have 
been w r i t t e n  up i n  SUDAER Report No. 250 [Ref. 41, which w i l l  be 
d i s t r i b u t e d  s h o r t l y .  
The p r i n c i p a l  con t r ibu t ions  r e s u l t i n g  from t h i s  i n v e s t i g a t i o n  a r e  
a s  fo l lows:  
1. Development of the  basic form of t h e  equat ions of lootion of 
f l e x i b l e  v e h i c l e s ,  from which the equat ions of forced motion 
of sp inning  pressur ized  to ro ids  and the determinat ion of t h e i r  
n a t u r a l  f requencies  can be deduced. 
2 .  Ind ica t ion  of a genera l  method of approach, and d e r i v a t i o n  of 
simple formulas,  f o r  quickly e s t ima t ing  the  s t a b i l i t y ,  r o o t s ,  
and real- t ime response of f l e x i b l e  veh ic l e s  employing mult i -  
a x i s  l i n e a r  c o n t r o l  systems. 
3. A gene ra l  s o l u t i o n  t o  the problem of where to  p lace  t h e  senso r s ,  
c o n t r o l  f o r c e s ,  and moments f o r  s t a b i l i t y  of a f l e x i b l e ,  
sp inning ,  t o r o i d a l  manned space s t a t i o n .  
4 .  Phys ica l  i n t e r p r e t a t i o n  of t h e  e f f e c t  of f l e x i b i l i t y  on a 
c o n t r o l  sys t em,  t o  provide a guide to  the  design or s tudy  of 
the c o n t r o l  of f l e x i b l e  veh ic l e s .  
5. Discovery t h a t  the  Cor io l i s  f o r c e s  induce precess ion ,  r e l a t i v e  
to  the  sp inning  t o r o i d ,  of t h e  n a t u r a l  in-plane i n e x t e n s i b l e  
v i b r a t i o n s .  
A t echn ica l  paper desc r ib ing  some of t h i s  work is now being pre- 
pared f o r  submission to  t h e  AIAA S p e c i a l i s t  conference i n  S e a t t l e ,  
Washington, August 1966. 
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B .  NONLINEAR STUDIES, OPTIMAL CONTROL 
(Studies  Supervised by P ro fes so r  Flugge-Lotz) 
I 
1. Optimum and Suboptimal Cont ro l  of t h e  P i t c h  Motion of a t s a t e l l i t e  
i n  E l l i p t i c  O r b i t ;  Pre l iminary  Cons idera t ion  of t h e  Linear ized  
Roll-Yaw Motion (Ph.D. Research of R .  Busch) 
The work desc r ibed  i n  t h e  preceding s t a t u s  r e p o r t  has  been con- 
t i n u e d .  I n  p a r t i c u l a r  t h e  fo l lowing  p o i n t s  have been t r e a t e d .  
a .  S teady-s ta te  c o n t r o l  of t h e  p i t c h  motion by us ing  a r e a c t i o n  
wheel. 
b .  Control of t h e  l i n e a r i z e d  yaw-roll s y s t e m .  
The equations of t h i s  s y s t e m  a r e  time-varying, coupled, and d i f f i c u l t  
t o  analyze.  However, for c e r t a i n  reasonable  r e s t r i c t i o n s  on t h e  
e c c e n t r i c i t y  of t h e  o r b i t  and t h e  shape of t h e  s a t e l l i t e ,  t h e  equat ions  
can be s i m p l i f i e d .  An e f f i c i e n t  suboptimal yaw-roll c o n t r o l  sys t em 
has been developed f o r  t hese  s i m p l i f i e d  equa t ions .  The v a l i d i t y  of 
t h e  r e s u l t s  has been checked by comparing t h e  phase-plane t r a j e c t o r i e s  
for t h e  s i m p l i f i e d  equat ions  and f o r  t h e  complete equa t ions ,  i n  both  
c a s e s  by us ing  t h e  suboptimal c o n t r o l .  The l i n e a r  equa t ions  were 
simulated on t h e  analog computer, and t h e  non l inea r  equat ions  on a 
d i g i t a l  computer. 
A r e p o r t  cover ing  t h i s  yaw-roll c o n t r o l  system and t h e  p rev ious ly  
mentioned p i t c h  c o n t r o l  system w i l l  be published next  q u a r t e r .  
2. The Complete A t t i t u d e  Control Problem f o r  an Ea r th  S a t e l l i t e  i n  
E l l i o t i c  Orb i t  (Ph.D. Research of K .  Hales) 
This problem and t h e  d i f f i c u l t y  of i t s  s o l u t i o n  have been desc r ibed  
i n  t h e  Eighth Semiannual S t a t u s  Report (June 1965). 
The a c q u i s i t i o n  problem ( r educ t ion  of l a r g e  a t t i t u d e  e r r o r s  w i th  
minimum f u e l  c o n t r o l )  has been cons idered  i n  a l l  d e t a i l s .  Pont ryagin ' s  
maximum p r i n c i p l e  i n d i c a t e s  t h a t  t h e  opt imal  c o n t r o l  is a d iscont inuous  
c o n t r o l .  With t h i s  f a c t  i n  mind, a nominal pa th  has  been assumed and 
gradual ly  improved by us ing  f i r s t - o r d e r  v a r i a t i o n .  A near-optimal 
c o n t r o l  is achieved. Comparisons a r e  made t o  known c a s e s  of: optimal 
c o n t r o l  ( t h e  l a t t e r  were designed i n  backward t i m e ) .  
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The rough d r a f t  of a report desc r ib ing  t h e  s o l u t i o n  has been 
f i n i s h e d  and t h e  f i n a l  typ ing  w i l l  soon be s t a r t e d .  I n  t h i s  report, 
numerous examples a r e  presented to s h o w  how w e l l  the i t e r a t i o n  pro- 
cedure  works under d i f f e r e n t  condi t ions .  The examples a r e  taken from 
t w o  groups: 
a .  The c o n t r o l  torque l e v e l  is h igh  enough to  ignore  
a l l  o t h e r  d i s tu rbances  such as gravi ty-gradien t  
in f luence .  i n e r t i a l  reference frame can be 
used. 
b .  The c o n t r o l  torque l e v e l  is l o w ,  which means t h a t  
t h e  a t t i t u d e  of t h e  s a t e l l i t e  i n  a r o t a t i n g  r e fe rence  
frame has  to be c o n t r o l l e d ,  whi le  the s p a c e c r a f t  is 
being d i s tu rbed  by the  g rav i ty  g rad ien t .  
3. The Va l id i ty  of L inea r i za t ion  i n  A t t i t u d e  Control  
(Ph.D. Research of J.C. Almuzara) 
The problem is descr ibed  i n  d e t a i l  i n  t h e  preceding S t a t u s  
R e p o r t .  A t  t h i s  d a t e  t h e  comparison of t h e  t ime-optimal c o n t r o l  
of 
ha 
wi th  11.11 <_ A 
2 + s i n  x = u ( t )  and 
2 + x = u ( t )  
been f i n i s h e d  and important d i f f e r e n c e s  have been found. 
M r .  Almuzara is  prepar ing  t h e  text of a r e p o r t  which w i l l  appear 
i n  t h e  next  q u a r t e r .  I n  t h i s  report, many st&ements have been made 
concerning t h e  more genera l  system 
w i t h  f ( x )  = f ( x  + 0 )  -- which means f ( x )  is a genera l  per iodic  
func t ion .  




Mr. Frank C u r t i s ,  a new Ph.D. cand ida te  i s  beginning t o  i n v e s t i g a t e  I 
- 1  .. t h e  minimum-fuel op t imiza t ion  f o r  t h e  same s y s t e m ,  namely x + s i n  x = u ( t ) .  
This study w i l l  g ive  us  a d d i t i o n a l  in format ion  about op t imiza t ion  of , 
nonl inear  s y s t e m s .  General theorems e x i s t ,  bu t  few s y s t e m s  a r e  r e a l l y  
explored f a r  enough t o  g ive  informat ion  t o  t h e  des ign ing  eng inee r .  
4 .  Random Disturbances i n  Cont ro l  Problems 
A r epor t  [Ref.  51 w r i t t e n  by Mr. Gregory Hyver has been f i n i s h e d .  
Twenty-five copies  w i l l  be mailed i n  t h e  next  days .  The t i t l e  of t h i s  
SUDAER Report No. 246 is:  The Opt imiza t ion  of a Relay Con t ro l l ed  System 11 
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(S tudies  Supervised by P ro fes so r  F rank l in )  
5 .  Computation of Approximately Optimal Control (Ph.D. Research of 
T .  E .  Bullock) 
This work has  been concerned wi th  i n v e s t i g a t i n g  p r a c t i c a l  computa- 
t i o n a l  schemes for optimal c o n t r o l s .  A con t inua t ion  of t h e  s t u d i e s  
r epor t ed  i n  the  l a s t  s t a t u s  r e p o r t  has produced answers t o  some very 
important t h e o r e t i c a l  ques t ions  a s  w e l l  a s  some experimental  r e s u l t s  
based on  computer s imula t ion .  
One of t h e  d i f f i c u l t i e s  w i th  the  computational technique desc r ibed  
by Merr iam [Ref.  61 is t h a t  hard t e rmina l  c o n s t r a i n t s  must be handled by 
penal ty  func t ions .  During t h e  course  of o u r  work, McReynolds and Bryson 
[Ref.  71 published one method f o r  t h e  s o l u t i o n  of t h i s  problem; t h e  
method developed i n  our i n v e s t i g a t i o n  i s  cons iderably  d i f f e r e n t  from t h a t  
descr ibed  i n  R e f .  7 .  The problem i s  encountered a s  an a u x i l i a r y  problem 
i n  t h e  study of t h e  second v a r i a t i o n s ,  and concerns l i n e a r  dynamics and 
quadra t i c  loss. For t h e  purpose of t h i s  no te ,  t h e  problem w i l l  be s t a t e d  
without r e fe rence  t o  t h e  method of second v a r i a t i o n s .  
A l i n e a r  p l a n t  w i t h  q u a d r a t i c  loss is  desc r ibed  by t h e  equat ions  
- & = Fx - + D u  dynamics 
t 
._ f 
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x_ is n x 1; u - is  p x 1. The genera l  l i n e a r  te rmina l  condi t ion  
can be expressed a s  
where TJ is a constant  r x 1 c o n s t r a i n t  vec to r .  The problem is 
to f i n d  t h e  c o n t r o l  
cond i t ion  fo r  a given i n i t i a l  condi t ion,  
t o  minimize cost whi le  s a t i s f y i n g  t h e  t e rmina l  
I n  t h i s  problem w e  assume A i s  a r x n matr ix  of rank r ,  
- T) is r x 1, x_ is  n x 1, is p x 1, and o t h e r  dimensions 
a r e  compatible. The usua l  s o l u t i o n  l e a d s  t o  t h e  two-point boundary 
va lue  problem 
Euler-Lagrange Equations 
wi th  boundary condi t ions  
x - ( 0 )  spec i f  iec 
A'x( t f )  - = 9 
and t h e  t r a n s v e r s a l i t y  cond i t ion  
(-Q3z(tf 1 + &(tf )If Range space of A 
The optimal (feedback) con t ro l  may be obtained from 
u - = -$lD'A(t)  - 
provided X ( t )  is known a s  a func t ion  of x ( t ) .  - 
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The s o l u t i o n  i s  expressed i n  terms of t h e  n x n m a t r i c e s  M(t) 
and N(t)  and a n x 1 v e c t o r  - b ( t )  s a t i s f y i n g  
where 
wi th  boundary condi t ions  
M = -MF - NQ 
-1 = NF' - MDQ2 D' 
b = O  
M(t f )  = [ (AA + - 11% - AA'] 
+ N ( t f )  = AA - I 
(The nota t ion  A+ has  been used t o  denote  any pseudo i n v e r s e  of A . )  
This method r e q u i r e s  t h e  s o l u t i o n  of 2n2 Linear  d i f f e r e n t i a l  
equat ions a s  opposed t o  t h e  s o l u t i o n  of 4n equat ions  involved i n  
t h e  complete mat r ix  s o l u t i o n  t o  t h e  Euler-Lagrange equat ions .  I n  t h e  
s p e c i a l  ca ses  r = 0 or r = n ,  n(n+1)/2 nonl inear  equat ions  of t h e  
R i c c a t i  type  may be so lved ,  [Ref. 8 3 , .  
2 
2 
I n v e s t i g a t i o n  of t h e  p r a c t i c a l  scheme of i n t e g r a t i n g  t h e  2n 
equat ions f o r  M ,  N ,  and b backwards u n t i l  N has' f u l l  rank and 
then  switching t o  t h e  normal n(n+1)/2 R i c c a t i  equa t ions  i s  underway. 
- 10 - 
.- 
(S tudies  Supervised by Professor  Breakwell) 
6 .  Rigorous E r r o r  Bounds on Pos i t i on  and Veloci ty  i n  S a t e l l i t e  Orbi t  
Theories  (Ph.D. research  of J. Vagners) 
I t  was shown by Izsak  [Ref.  91 t h a t ,  t o  f i r s t - o r d e r  i n  t h e  obla te -  
ness  c o e f f i c i e n t  J2, t h e  in-plane p o s i t i o n  and v e l o c i t y  components 
a r e  ob ta inab le  by convert ing by Keplerian formulas from Brouwer's 
averaged Delaunay v a r i a b l e s  L ' ,G' , l ' ,g '  and superimposing short-per iod 
f l u c t u a t i o n s  obta ined  by r e w r i t i n g  BroUwer's shor t -per ied  genera t ing  
f u n c t i o n  i n  t e r m s  of H i l l  canonical v a r i a b l e s  iK = c , G , r , u j  a d  
t a k i n g  appropr i a t e  p a r t i a l  d e r i v a t i v e s .  
a r e ,  n a t u r a l l y ,  well-behaved (unl ike  t h o s e  i n  1, g)  when e c c e n t r i c i t y  
e + O .  
These short-per iod f l u c t u a t i o n s  
* 
Recent i n v e s t i g a t i o n s  b y  Vagners have obtained i n  t h e  same manner 
' 1  f i r s t - o r d e r  
Brouwer's long-period genera t ing  func t ion  S1, r e l a t i n g  Brouwer's L", H 
G",l",g",h" t o  L ' ,G ' ,H , J '  ,g' ,h', i nc lud ing  genera l  formulas f o r  
zonal  harmonics. Analogous medium-period" (i.e., d a i l y )  f l u c t u a t i o n s  
i n  t h e  H i l l  v a r i a b l e s  have been obtained i n  a genera l  form f o r  t h e  
e f f e c t  of t e s s e r a l  harmonics. 
long-period f luc tua t ions"  i n  t h e  H i l l  v a r i a b l e s  by r e w r i t i n g  * 
' 1  
I t  is w e l l  known [Ref.  101 t h a t  t h e  von Zeipel method of canonical  
t ransformat ions  i s  a p a r t i c u l a r  form of t h e  averaging methods of 
Bogoliubov and l i t r o p o l s k i ,  f o r  which t h e r e  i s  an  a s soc ia t ed  technique 
f o r  e s t a b l i s h i n g  bounds on t h e  e r r o r  build-up i n  a s p e c i f i e d  t i m e  
between t h e  exac t  and an  approximate s o l u t i o n  (f  i r s t - o r d e r  o r  higher- 
o r d e r )  with t h e  same i n i t i a l  condi t ions .  Unfortunately,  t h e  bounds 
ob ta inab le  i n  t h i s  way f o r  t h e  Delaunay v a r i a b l e s  l,g, 
f a c t o r y  f o r  very small  e c c e n t r i c i t y  ( i . e - ,  e' < J2). 
a r e  unsa t i s -  
W e  c e r t a i n l y  expect t h a t  e r r o r  bounds on t h e  H i l l  v a r i a b l e s  s u f f e r  
from no such l i m i t a t i o n .  The formal von Zeipel procedure f o r  ob ta in ing  
t h e  appropr i a t e  f irst-order genera t ing  f u n c t i o n s ,  whether shor t -per iod ,  
medium-period o r  long-period, on t h e  o t h e r  hand, is c a r r i e d  out  
n e c e s s a r i l y  i n  Delaunay va r i ab le s .  
* 
Carried out  under A i r  Force Contract AF33(615)-1411. 
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An a n a l y s i s  i s  i n  progress  which p a r a l l e l s  every t r ans fo rma t ion  of 
Delaunay v a r i a b l e s  by an a p p r o p r i a t e  canonica l  t r ans fo rma t ion  of t h e  
H i l l  v a r i a b l e s ,  i nc lud ing  removal of second-order shor t -per iod  terms 
from t h e  Hamiltonian. I n  t h i s  way i t  i s  p o s s i b l e  t o  e s t a b l i s h  bounds 
on t h e  f i r s t - o r d e r  s o l u t i o n  of t h e  form AJ +BJ t where A,B a r e  
independent of e c c e n t r i c i t y  e ( a s  long a s  e i s  not c l o s e  t o  1). 
2 3  
2 2  
To inc lude  t h e  e f f e c t  of i n a c c u r a t e  i n i t i a l  c o n d i t i o n s ,  i t  s u f f i c e s  
t o  examine t h e  i n i t i a l  cond i t ions  of t h e  s e c u l a r  Delaunay v a r i a b l e s  
Ls,GvP,H,l?",gsr,L?lc, i n  which, a s  expected, an e r r o r  i n  La' has t h e  main 
e f f e c t  
7 .  Solar Pe r tu rba t ion  of Mars O r b i t e r s  (Ph.D. r e sea rch  of R .D.  Hensley) 
A study i s  near ing  completion which i n v e s t i g a t e s  t h e  p o s s i b l e  long- 
period f l u c t u a t i o n s  i n  t h e  p e r i a p s i s  he igh t  of an o r b i t e r  of Mars due 
t o  t h e  s o l a r  g r a v i t a t i o n a l  f i e l d .  A t t e n t i o n  i s  confined t o  o r b i t s  w i th  
low p e r i a p s i s ,  e . g . ,  r - 4000 - 6000 km (from Mars' c e n t e r ) ,  and wi th  
comparatively high e c c e n t r i c i t y ,  e . g . ,  e > 0.5, corresponding t o  
miss ions  r e q u i r i n g ,  on t h e  one hand, a c l o s e  approach t o  t h e  p l ane t  
and, on t h e  o the r  hand, not excess ive  braking-rocket requirements.  
For such o r b i t s  t h e  s ' secular ' s  r o t a t i o n s  of t h e  o r b i t a l  p lane  and major- 
a x i s  o r i e n t a t i o n  ("argument" of p e r i a p s i s )  due t o  Mars' o b l a t e n e s s  
dominate those  due t o  t h e  s o l a r  f i e l d .  On t h e  o t h e r  hand, t h e s e  
ob la t eness  s e c u l a r  r o t a t i o n s  a r e  s u b s t a n t i a l l y  slower than  Mars' motion 
around the  sun. This  l a t t e r  c o n s i d e r a t i o n  permits averaging  of t h e  
p e r t u r b a t i o n s ,  not on ly  over o r b i t a l  r e v o l u t i o n s  but a l s o  over t h e  
Martian yea r ,  t o  o b t a i n  equat ions  d e s c r i b i n g  long-period'" r a t e s  of 
change of i n c l i n a t i o n ,  e c c e n t r i c i t y ,  l ong i tude  i-l of t h e  node, and 
argument w of p e r i a p s i s ,  t h e  l a s t  two elements being d r i v e n  mainly by  
ob la t eness  The long-period r a t e s  of i n c l i n a t i o n  and e c c e n t r i c i t y  
a r e  s inuso ida l  i n  c e r t a i n  l i n e a r  combinations of w and R, l ead ing  
t o  f l u c t u a t i o n s  i n  i n c l i n a t i o n  and e c c e n t r i c i t y  a s  sums of e a s i l y  
computable s i n u s o i d a l  terms of known frequency. There a r e  11 d i f f e r e n t  
" c r i t i c a l "  o r b i t a l  i n c l i n a t i o n s  where t h e  frequency of a s i n u s o i d a l  
term vanishes  wi th  a corresponding i n f i n i t e l y  l a r g e  amplitude.  A more 
P 
I t  
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c a r e f u l  a n a l y s i s  is  developed f o r  t hese  'lresonantl' s i t u a t i o n s  which 
r e v e a l  a f i n i t e  ex ten t  t o  t h e  (very slow) f l u c t u a t i o n s  i n  e c c e n t r i c i t y  
a s  w e l l  a s  i n c l i n a t i o n .  The ana lys i s  i s  meaningful a s  long a s  t h e  
corresponding 
over t o  t h e  v i c i n i t y  of a second c r i t i c a l  i n c l i n a t i o n .  The maximum 
(very s l o w )  nega t ive  dev ia t ions  i n  p e r i a p s i s  he ight  ( p o s i t i v e  
d e v i a t i o n s  i n  e c c e n t r i c i t y  from i n i t i a l  eo) correspond t o  p a r t i c u l a r  
i n i t i a l  condi t ions  i n  w, 0 and i n c l i n a t i o n  near  a c r i t i c a l  i n c l i -  
~ l L I L L w I I ,  an2 ~ i l l  he plntted ws. e f o r  va r ious  (r-l-. 
11 maximum f luc tua t ion"  i n  i n c l i n a t i o n  does not c a r r y  i t  
--*--. -- 
0 P "  
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